Global singularity-free solution of the Iordanskii force problem by Flaig, Markus & Fischer, Uwe R.
ar
X
iv
:c
on
d-
m
at
/0
60
80
53
v1
  [
co
nd
-m
at.
oth
er]
  2
 A
ug
 20
06
Global singularity-free solution of the Iordanskii for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We present a derivation of the transverse fore ating on a hydrodynami vortex in the presene
of an inoming sound wave from a global solution of the sattering problem, using the method
of mathed asymptoti expansions. The solution presented inludes a detailed treatment of the
interation of the inident wave with the vortex ore, and is free from the singularities in the
momentum exhange between vortex and sound wave whih have led to ontraditory results for
the value of the transverse fore in the literature.
I. INTRODUCTION
The transverse fore on a quantized vortex due to
phonon sattering, rst found by Iordanskii [1℄, has been
ontroversially disussed in partiular sine the work of
Thouless, Ao and Niu, whih predited that it in fat
would vanish [2, 3, 4, 5, 6, 7, 8, 9, 10, 11℄. Based
on general properties of superuid order and the Berry
phase assoiated with the vortex motion, they ame to
the onlusion that the total transverse fore is propor-
tional to the superuid density alone and given solely by
the superuid Magnus fore, and not, as the existene
of the Iordanskii fore would imply, proportional to the
total density, normal plus superuid. Reent alulations
based on the vetor potential due to the Berry phase of
quasipartiles lead to the same onlusion of a vanishing
Iordanskii fore [11℄.
It therefore seems in order to reinvestigate the as-
sumptions underlying alulations of the Iordanskii fore
based on lassial (but two-uid) hydrodynamis (see,
e.g., [4, 8℄), where the transverse fore stems from the
momentum transfer between asymmetrially sattered
sound waves and the vortex [12, 13℄. The existing treat-
ments use various simpliations for a treatment of this
problem, whih onstitute soures for possible ambigui-
ties and problems in the nal result obtained for the value
of the transverse fore. First of all, the authors usually
onsider point vorties. However, for small distanes to
the vortex axis, the orresponding veloity eld annot
be taken literally sine then the uid veloity would di-
verge and the Mah number of the problem would be-
ome innite. It is not a priori lear that replaing the
point vortex by a realisti vortex ore would not aet
the osillatory motion of the vortex ore due to the in-
ident wave, and thus the momentum transfer between
vortex and sound wave. Seond, using simplied salar
wave equations instead of the full linearized hydrody-
nami equations, one does not take into aount the ef-
fets due the interation of the inident wave with the
vortex ore leading to its osillatory motion aurately
[4℄. Finally, working, as is onventional, with an (un-
physial) innitely extended plane wave results in math-
ematial diulties (due to the non-onvergene of sums
over partial wave shifts in the sattering ross setion
[5℄). We will show that no suh singularities appear in
the momentum transfer between sound wave and vortex,
provided one is using a realistially shaped inident wave
of a general form.
In the following, we present a study of the satter-
ing problem whih avoids using the simpliations dis-
ussed in the above. In partiular, we derive a global
solution for the oupled hydrodynami equations using
the method of mathed asymptoti expansions, mathing
the solution for the vortial region, with a realisti ore
of nite extension, smoothly to the far-eld wave region
solution, assuming a general inoming wave instead of a
plane wave. As a result, we obtain a regular expression
for the transverse momentum exhange between sound
eld and vortex. When interpreted in terms of two-uid
hydrodynamis, this momentum exhange exatly orre-
sponds to the Iordanskii fore.
II. BASIC HYDRODYNAMIC EQUATIONS
Our starting point are the Euler and ontinuity equa-
tions for an ideal uid desribed in terms of density ρ,
veloity v and barotropi pressure funtional P = P (ρ):
∂ρ
∂t
+∇ · (ρv) = 0, (1a)
∂v
∂t
+ (v ·∇)v = −1
ρ
∇P. (1b)
In order to onsider small perturbations (ρ1,v1) on a
given bakground solution (ρ0,v0), whih we require to
satisfy the hydrodynami equations, we introdue the fol-
lowing expansions of veloity and density:
v = v0 + v1, ρ = ρ0 + ρ1. (2)
Inserting these ansätze into (1), and equating terms of
rst order on both sides results in the following equations:
dρ1
dt
+∇ · (ρ0v1) + ρ1∇ · v0 = 0, (3a)
dv1
dt
+ (v1 ·∇)v0 = −∇
(
c2
ρ0
ρ1
)
; (3b)
2where the sound speed c is as usual dened by c2 =
∂P/∂ρ and d/dt = (∂/∂t+v0 ·∇) denotes the onvetive
derivative. We now swith from (ρ1,v1) to another set
of variables (ψ, ξ) via the following deomposition of the
perturbations [15℄
ρ1 = −ρ0
c2
dψ
dt
,
v1 =∇ψ + ξ.
(4)
The veloity perturbation is deomposed into a part with
zero vortiity, ∇ψ, where the pressure potential ψ is reg-
ular, and a part omprising the vortiity in the sound
wave, ξ.
Our linearized hydrodynami equations (3) may then
be rewritten as
d
dt
(
1
c2
dψ
dt
)
=
1
ρ0
∇ · [ρ0(∇ψ + ξ)], (5a)
dξ
dt
+ (ξ ·∇)v0 −∇ψ × ω0 = 0. (5b)
The above oupled pair of equations has rst been de-
rived by Bergliaa et. al. using Clebsh potentials [15℄.
Eq. (5a) with the vortial part of the uid veloity per-
turbations, ξ, set to zero, was derived in [16, 17℄. It an
be shown [15℄, that in the ase where the frequeny Ω
of the sound wave is muh greater than the bakground
vortiity ω0 = ∇ × v0, there exist solutions where ξ is
smaller by a fator ω0/Ω than ψ. This leaves us with only
one equation for the determination of the salar quantity
ψ when the quasilassial ondition ω0/Ω ≪ 1 is fullled;
see the analysis of the wave region in the setion to follow.
We study an axisymmetri vortex, whih may be de-
sribed by the following ansatz for the bakground so-
lution, employing a ylindrial system of oordinates
(r, φ, z) in what follows:
ρ0 = ρ0(r), v0 = v0(r) eφ. (6)
The radial veloity v0 is linked to the vortiity ω0 = ω0 ez
(whih we onsider to be a xed quantity) by the relation
v0(r) =
1
r
∫ r
0
r′ω0(r
′) dr′. (7)
We require the vortiity for large r to deay faster than
any power of r. This will later on allow us to use an
approah based on the method of mathed asymptoti
expansions [18, 19℄. For the veloity this assumption im-
plies that, for r → ∞, it is given by v0 = γ/r (here
and below we ignore exponentially small terms), with
γ =
∫∞
0
r′ω0(r
′) dr′, whih is the irulation divided by
2π. While the ontinuity equation (1a) is automatially
satised by the ansatz (6), the density ρ0 must be de-
termined suh that the Euler equation (1b) be fulllled,
whih then leads to the following equation:
ρ′0 =
ρ0
c2
v20
r
, (8)
where the prime denotes derivation with respet to r. We
immediately see that density variations are of seond or-
der with respet to the Mah number M whih is dened
as M = U /c∞, with U being some typial veloity in
the vortex and c∞ = c(r → ∞) the sound speed for the
uid at rest at innity. We require the Mah number to
be a small quantity (M ≪ 1), whih allows for an ex-
pansion of the solution of the hydrodynami equations in
M in the setion to follow.
III. MATCHED ASYMPTOTIC EXPANSIONS
To arry out the mathing proedure, we divide the
plane into two regions: An inner, vortial region hara-
terized by r ≃ , in whih the vortiity is onentrated,
and an outer, wave region, where r is of the order of the
typial wavelength λ = 2πΩ/c∞ of the inoming wave,
whih we take within the mathed asymptoti expansion
proedure to be λ ≃ M−1. After having developed suit-
ably saled non-dimensional equations for eah region,
the solutions in both region are expanded in the Mah
number and mathed where the regions overlap.
In the vortial region we resale the spatial variable
r aording to r → r and the veloity v0 aording to
v0 → U v0. The typial time sale of the problem is
given by the inverse of the frequeny Ω−1 ≃ /U . Con-
sequently, the appropriate saling for the time variable t
is t→ (/U )t, and the frequeny Ω takes the saled form
(U /)Ω. Thus we have |ω0|/Ω = O(1), whih means, in
the light of the remarks in the previous setion, that we
should replae ξ by ξ/. With these salings, and using
Eq. (8), our Eq. (5a) beomes:
∇ · (∇ψ + ξ) = M 2
[
d2ψ
dt2
− v
2
0
r
(∂rψ + ξr)
]
+O(M 4),
(9)
while Eq. (5b) stays formally the same.
In the wave region, the appropriately saled spatial
variable is given by R = M r. Furthermore, we dene
the veloity potential Ψ in the wave region as Ψ(R) =
ψ(r). Sine in the wave region the veloity is one order in
the Mah number smaller than in the vortial region, we
introdue the wave-region veloity V0 = M
−1v0 =
γ
R eφ.
Now, in the wave region, Eq. (9) takes on the following
form:
(∇2 − ∂2t )Ψ = 2M 2(V0 ·∇)∂tΨ +O(M 4). (10)
Here and in what follows, we use the onvention that the
nabla operator ating on a wave-region quantity orre-
sponds to a derivative with respet to R. The equation
for ξ is not needed beause we restrit ourselves to so-
lutions where in the wave region the vortial part of the
veloity perturbation, ξ, is exponentially small.
In order to deouple the equations in the vortial re-
gion, we split ξ into an irrotational and a divergene free
part aording to
ξ =∇η + ez ×∇ζ, (11)
3where η and ζ are uniquely speied by demanding that
η, ζ → 0 as r →∞. Our Eq. (9) then beomes
∇
2(ψ + η) = M 2 (−iΩ + v0 ·∇)2 ψ
−M 2 v
2
0
r
[∂r(ψ + η)− r−1∂φζ] +O(M 4). (12)
This Poisson equation may be solved with standard
methods. Using a relation following from Eq. (5b)
∂ξ
∂t
− v0 × (∇× ξ) +∇(v0 · ξ)− (∇ψ + ξ)× ω0 = 0,
(13)
and operating with the url, we arrive at the following
equation:
(
−iΩ + v0
r
∂
∂φ
)
∇
2ζ − ω
′
0
r
∂ζ
∂φ
= −ω′0
∂
∂r
(ψ + η)− ω0∇2(ψ + η). (14)
Note that here the fat that ∇ · v0 = 0 has been used.
The above equation allows us to alulate ζ after ψ + η
has been alulated using (12).
We now formally expand the general solution in the
Mah number M and then solve the resulting equations
to the relevant order in the Mah number. In the vortial
region the expansion takes on the following form
ψ = ψ(0) + Mψ(1) + M 2ψ(2) + . . . ,
η = η(0) + M η(1) + M 2η(2) + . . . ,
ζ = ζ(0) + M ζ(1) + M 2ζ(2) + . . . ;
(15)
while in the wave region we have
Ψ = Ψ (0) + MΨ (1) + M 2Ψ (2) + . . . . (16)
We restrit our analysis to order O(M 2), beause at
higher orders the alulations beome very involved.
A. The solution to O(M 0)
At this order, the solution in the wave region is deter-
mined by the ordinary wave equation (∇2+k2)Ψ (0) = 0,
where the nondimensional wave number k is dened as
k = Ω. We expand the general solution to zeroth order,
orresponding to our inoming wave, in the following way
into partial waves of order ℓ:
Ψ (0) =
∞∑
ℓ=−∞
Aℓ J|ℓ|(kR) e
i(ℓφ−Ωt), (17)
where the J|ℓ| are Bessel funtions. The form of Ψ
(0)
in
the vortial region may be determined by expanding the
Bessel funtions for small R, yielding
Ψ (0) = A0e
−iΩt + M kr
∑
ℓ=±1
Aℓ
2
ei(ℓφ−Ωt)
+M 2
k2r2
4
(∑
ℓ=±2
Aℓ
2
ei(ℓφ−Ωt) −A0e−iΩt
)
+O(M 3). (18)
This will be needed later to arry out the mathing.
In the vortial region, Eq. (12) to this order gives the
ordinary Poisson equation ∇
2(ψ(0) + η(0)) = 0, with the
following general solution
ψ(0) + η(0) =
∞∑
ℓ=−∞
aℓ (kr)
|ℓ| ei(ℓφ−Ωt). (19)
In the wave region, r|ℓ| = O(M−|ℓ|), ruling out the exis-
tene of terms with |ℓ| > 0, sine these would be of neg-
ative order in the Mah number. Thus, ψ(0) + η(0) = a0.
A deomposition of ζ(0) into azimuthal modes aord-
ing to ζ(0) =
∑∞
ℓ=−∞ ζ
(0)
ℓ (r) e
i(ℓφ−Ωt)
redues Eq. (14) to
[
d2
dr2
+
1
r
d
dr
− ℓ
2
r2
+
ℓω′0
rΩ − ℓv0
]
ζ
(0)
ℓ (r) = 0. (20)
We restrit ourselves to the ase where there are no rit-
ial layers present, Ω 6= ℓv0(r)/r for all ℓ, r [19℄. In
this ase, the solutions of this radial Rayleigh equa-
tion are known to behave for large r as ζ
(0)
ℓ (r) →
αℓ
(
r|ℓ| + βℓr
−|ℓ|
)
, immediately giving αℓ = 0 for all ℓ.
Furthermore, using identity (13) and v
(0)
1 = ∇ψ
(0) +
ξ(0) = 0 as well as ∇ψ(0) = −∇η(0), we an derive the
equation −iΩη(0) + v0r ∂η
(0)
∂φ = onst., from whih it fol-
lows that η(0) = Cei(Ωr/v0)φ+ onst. Therefore, as η(0)
should be uniquely dened at eah point in spae, C=0 in
the presently onsidered ase; η(0) thus equals a onstant,
whih is zero beause it must vanish at large r.
Mathing the solution in the vortial region with the
wave region gives a0 = A0, thus
ψ(0) = A0 e
−iΩt, η(0) = ζ(0) = 0. (21)
To this lowest (zeroth) order in the Mah number, there
is thus no perturbative ow in the vortial region, but
sine ψ(0) 6= 0, there are density perturbations present.
B. The solution to O(M )
In the wave region, we have one more the ordinary
wave equation (∇2+k2)Ψ (1) = 0. We require the solution
to this equation to be ausal; therefore we write
Ψ (1) =
∞∑
ℓ=−∞
BℓH
(1)
ℓ (kR) e
i(ℓφ−Ωt), (22)
4where the Hankel funtions of the rst kind H
(1)
ℓ orre-
spond to outgoing ylindrial waves. Due to the irregular
behavior of the Hankel funtions at the origin, none of
the terms in the above sum mathes to the solution in
the vortial region, as beomes lear from Eq. (26) below;
therefore, Bℓ = 0. Thus, Ψ
(1) = 0 in the wave region, re-
eting the simple fat that there is no sound radiation
to linear order in the Mah number into the wave region.
In the vortial region, ψ(1) + η(1) is one more deter-
mined by the ordinary Poisson equation, giving ψ(1) +
η(1) =
∑1
ℓ=−1 bℓ (kr)
|ℓ| ei(ℓφ−Ωt), where the sum is lim-
ited by the fat that higher-order terms would be of neg-
ative order in the Mah number. The quantity ζ(1) ist
determined by the following equation:
[(
−iΩ+ v0
r
∂
∂φ
)
∇
2 − ω
′
0
r
∂
∂φ
]
ζ(1)
= −kω′0
∑
ℓ=±1
bℓe
i(ℓφ−Ωt). (23)
Using the ansatz ζ
(1)
p = f(r)
∑
ℓ=±1 bℓe
i(ℓφ−Ωt)
and
∇
2v0 = ∂r(r
−1∂r(rv0)) = ω
′
0, we immediately see that
the equation above is solved one one hooses f = −iv0.
The asymptotis of the solution thus obtained for r →∞
is given by
ζ(1)p → −i
γ
r
∑
ℓ=±1
bℓe
i(ℓφ−Ωt). (24)
One gets the full solution to ζ(1) by adding the general
solution ζ
(1)
h of the homogeneous Rayleigh equation to
ζ
(1)
p . Sine ζ
(1)
p → 0 for r → ∞, ζ(1)h → 0 for r → ∞ as
well. Using the homogeneous version of Eq. (23), whih
an be transformed to a Rayleigh equation like Eq. (20);
the same argument as given after Eq. (20) then yields
ζ
(1)
h = 0. Sine we have
ez ×∇ζ(1) → i γ
r2
∑
ℓ=±1
bℓ(eφ + iℓer)e
i(ℓφ−Ωt)
=∇
[
γ
r
∑
ℓ=±1
ℓ bℓ e
i(ℓφ−Ωt)
]
(25)
for r → ∞, the asymptotis of η(1) for r → ∞ an be
determined to be η(1) → − γr
∑
ℓ=±1 ℓ bℓ e
i(ℓφ−Ωt)
, thus
giving
ψ(1) → b0 +
∑
ℓ=±1
bℓ
[
kr + ℓ
γ
r
]
ei(ℓφ−Ωt) (26)
for r →∞. By omparison with the solution in the wave
region, we obtain b0 = 0 and b±1 = A±1/2.
The rotational part of v
(1)
1 , ez×∇ζ(1), desribes the os-
illatory motion of the vortex ore indued by the sound
wave [20℄, whih may be seen as follows. Near the ori-
gin, we may expand the inoming wave into a plane-wave
form Ψ (0) ≈ ψ0ei(k·R−Ωt), for whih the expansion oef-
ients are given by Aℓ = ψ0e
−iℓφk i|ℓ|, with φk the an-
gle whih the propagation vetor k = k(cosφk, sinφk, 0)
makes with the x axis. We therefore have ez ×∇ζ(1) ≈
ez × (12ψ0ω0ek)e−iΩt. Then, using v0 ≈ 12 (ω0 × r) near
the origin, ez × (12ψ0ω0ek)e−iΩt ≈ −ψ0(e−iΩtek ·∇)v0.
We see that the term ez ×∇ζ(1) auses a displaement
r0(t) ≡ ψ0e−iΩtek of the vortex line. It follows for the re-
sulting displaement veloity
∂
∂tr0(t) = −iΩψ0e−iΩtek =
∇Ψ (0)|r=0, so that the vortex indeed moves with the ve-
loity in the inident sound wave to this order in the
Mah number.
C. The solution to O(M 2)
In the vortial region,∇
2
(
ψ(2) + η(2)
)
= −k2A0e−iΩt,
with the following solution:
ψ(2) + η(2) = −A0e
−iΩt
4
k2r2 +
2∑
ℓ=−2
cℓ (kr)
|ℓ| ei(ℓφ−Ωt).
(27)
Comparison with (18) leads to c0 = c±1 = 0 and c±2 =
A±2/8. In the wave region, Ψ
(2)
obeys a fored wave
equation:
(∇2 + k2)Ψ (2) = −2ikγR−2∂φΨ (0). (28)
In the appendix, it is shown that the solution to this
equation may be written as a ontour integral. The result
is (with C denoting the integration ontour shown in the
appendix):
Ψ (2)p = sgn(ℓ) i
kγ
2π
Aℓ
∞∑
ℓ=−∞
Φℓ(R)e
i(ℓφ−Ωt)
(29)
where the expansion oeients are given by
Φℓ(R) =
∫
C
(
ln t+ i
π
2
)
exp
[
i
kR
2
(
t− 1
t
)]
dt
t|ℓ|+1
.
(30)
We an write the general solution to Eq. (28) as Ψ (2) =
Ψ
(2)
p + Ψ
(2)
h , with Ψ
(2)
h being the general solution of the
homogeneous equation. For large R, Ψ
(2)
p orresponds to
an outgoing wave (f. the appendix). Therefore, Ψ
(2)
h
should also ontain only the outgoing wave:
Ψ
(2)
h =
∞∑
ℓ=−∞
CℓH
(1)
ℓ (kR)e
i(ℓφ−Ωt). (31)
The remaining oeients are determined by mathing
to the solution in the vortial region, giving Cℓ = 0 for
ℓ 6= ±1 and
C±1 = ±iπ
4
kγA±1. (32)
5The solution to quadrati order in the Mah number,
Ψ (2), is thus made up of two parts. The rst part, Ψ
(2)
p ,
may be interpreted to represent the interation of the
inident wave with the long-range veloity eld of the
vortex, while the seond, Ψ
(2)
h stands for the interation
of the wave with the vortex ore [19℄.
IV. FORCE ON THE VORTEX FROM PHONON
SCATTERING
In this setion we will return to the original (dimen-
sional) variables of setion II. Far from the vortex,
our solution takes on the following asymptotial form:
ψ =
∑
ℓ ψℓ(r) e
i(ℓφ−Ωt)
where, using the asymptoti form
of the expansion oeients Φℓ(R) in the far-eld solu-
tion (29), derived in the appendix [Eq. (A5)℄, we have
ψℓ =
e−i
π
2 |ℓ|−i
π
4√
2πkr
Aℓ
{
(1 + 2iδℓ)e
ikr + e−ikr+iπ|ℓ|+i
π
2
}
.
(33)
Here, the phase shifts δℓ are given by
δℓ =
{
∓π4 kγc∞ ; ℓ = ±1,
−sgn(ℓ)π2 kγc∞ ; ℓ 6= ±1,
(34)
whih are idential to those obtained by Sonin [4℄. To eval-
uate the momentum transfer between sound wave and
vortex, we onsider the time-averaged momentum-ux
tensor, whih reads [4, 8, 14℄:
〈Πij〉 =
(
c2∞
ρ∞
〈ρ21〉
2
− ρ∞ 〈v
2
1〉
2
)
δij + ρ∞〈v1iv1j〉, (35)
where ρ∞ is the onstant density far from the vortex.
We have to insert into this expression the time-averaged
expressions for the density and the veloity expressed in
terms of ψ and ξ aording to (4). Sine we are looking at
the region far from the vortex, we may use the simplied
expressions:
ρ1 = −ρ∞
c2∞
Re [∂tψ] =
iρ∞k
2c∞
(ψ∗ − ψ), (36)
v1i = Re [∂iψ] =
1
2
(∂iψ
∗ + ∂iψ), (37)
whih, when inserted into the time-averaged momentum-
ux tensor (35), yield
〈Πij〉 = ρ∞
4
[∂iψ
∗∂jψ + ∂iψ∂jψ
∗ + (k2|ψ|2 − |∇ψ|2)δij ].
(38)
This omprises a general expression for the time-averaged
momentum-ux tensor in the far-region where v0 ≈ 0.
The projetion Fφ0 of the fore on the vortex per
unit length F in the diretion of the unit vetor n0 =
(cosφ0, sinφ0, 0) is given by
Fφ0 = 〈F · n0〉 = −
∮
〈Πij〉ni daj . (39)
Inserting (38) into the above expression, and hoosing a
ylindrial surfae around the vortex as our ontour of
integration, we get
Fφ0 = −
ρ∞
4
∫ π
−π
dφ r cos(φ − φ0) (∂rψ∗∂rψ + k2ψ∗ψ).
(40)
Making use of (33), and performing the angular integra-
tion, we nd
Fφ0 = ρ∞k
∞∑
ℓ=−∞
Re
[
i|ℓ|+1−|ℓ+1|eiφ0A∗ℓAℓ+1(δℓ − δℓ+1)
]
.
(41)
Employing the obtained phase shifts for sound-vortex
sattering, Eq. (34), we arrive at the following nal ex-
pression for the fore:
Fφ0 =
ρ∞k
2
c∞
π
4
γRe
[
eiφ0
1∑
ℓ=0
(A∗ℓAℓ+1 −A∗−ℓ−1A−ℓ)
]
.
(42)
The above equation represents the general result for the
fore on the vortex from phonon sattering, ontaining
partial waves up to order |ℓ| = 2, valid for an arbitrary
inident wave form.
Note that there are no singularities in (42) present due
to partial wave summation, beause we have assumed an
arbitrary inoming wave form right from the start. Only
now, after obtaining the general result for the fore in
terms of the expansion oeients Aℓ, we use a plane
wave approximation for the inoming wave near the ori-
gin. Then, with Aℓ = ψ0e
−iℓφk i|ℓ|,
Fφ0 = −
ρ∞k
2
c∞
πγ|ψ0|2 sin(φ0 − φk). (43)
Using the following expression for the momentum density
of a plane sound wave, j = |ψ0|2 ρ∞k2c∞ k [8℄, Eq. (43) may
easily be generalized to yield the parallel and transverse
omponents of the fore,
F|| = 0, F⊥ = −Γ × j, (44)
where Γ = 2πγez and j is the momentum density of
the wave at the loation of the vortex. The oordinate
invariant form of (44) is obviously not restrited to the
ase where the vortex axis points into the z-diretion.
For a vortex in a superuid we have to replae j by the
thermally averaged momentum density of the phonons
jph, whih in terms of the quantities of two-uid hydro-
dynamis reads jph = ρn(vn − vs), where vn and vs
are normal and superow veloities, respetively. For a
vortex whih is at rest with respet to the superuid on-
densate (vL = vs) this gives
FIordanskii = ρn[Γ × (vL − vn)], (45)
whih is the Iordanskii fore. We remark that the argu-
ments presented in [8℄ suggest that the above form of the
fore remains invariant (to the onsidered order in the
Mah number), also if the vortex moves with respet to
the superow.
6V. CONCLUSION
We have solved the problem of sattering of sound
waves by a vortex using an expansion into partial waves
and the method of mathed asymptoti expansions, up
to the relevant quadrati order in the Mah number. To
the best of our knowledge, the analytial form of the so-
lution for the sattered wave in the form of a Shläi
ontour integral, Eq. (29), has not been given yet in
the literature. By evaluating the momentum-ux tensor
far from the vortex, we derived a general expression for
the fore exerted by the sound wave on the vortex. The
fore depends only on the lowest partial waves (|ℓ| ≤ 2)
and is thus ompletely determined by the shape of the
inident wave in a small region around the vortex axis
with a diameter of the order of a few wavelengths (an
analogous result was obtained by Shelankov for an ini-
dent wave of beam-shaped form [6℄). We demonstrated
that the usage of a physial inident wave of arbitrary
shape (and nite extent) removes the mathematial di-
ulties whih plagued previous work employing the par-
tial wave method, where the total transverse ross se-
tion, obtained after performing a summation over all par-
tial waves, ontained singularities (was not onvergent)
[2, 4, 5℄. The resulting global, singularity-free solution of
the sattering problem we presented then leads, in on-
juntion with onventional two-uid hydrodynamis, to
the Iordanskii fore on the vortex, onrming its exis-
tene as a result of the asymmetrial sattering of sound
waves at a vortex.
Diret experimental onrmation of the Iordanskii
fore has so far been elusive. A oneivable experimen-
tal proedure to verify the existene of the Iordanskii
fore in a superuid is to study the inuene of sound
pulses in Bose-Einstein ondensates, reated by Bragg
sattering [21℄, on the vortex. Using Bose-Einstein on-
densates has, inter alia, the advantage of being able to
reate sound wave pulses in an aurately ontrolled man-
ner, with variable large momenta of the order of c/γ. We
point out that our approah predits the transverse fore
orretly also if the inoming wave is not a plane wave,
whih will in general be the ase in the inhomogeneously
trapped ondensates. If the vortex is pinned by an opti-
ally reated external potential to x it in one position,
and, shortly after the sound wave has been reated, the
pinning potential is turned o, one should in priniple be
able to observe the transverse displaement of the vortex
due to the sound wave sattered by it.
APPENDIX A: FORCED WAVE EQUATION
In this appendix, we derive the solution (29) to the
fored wave equation (28). Employing the ansatz (29),
Eq. (28) redues to
[
R2
d2
dR2
+R
d
dR
+ k2R2 − ℓ2
]
Φℓ = −4|ℓ|πi J|ℓ|(kR).
(A1)
We write the solution to the above inhomogeneous Bessel
equation as a ontour integral. On the right-hand side,
using the Shläi integral representation for the Bessel
funtions [22℄, with the ontour C shown in Fig. 1, we
express J|ℓ|(kR) as
J|ℓ|(kR) =
1
2πi
∫
C
exp
[
kR
2
(
t− 1
t
)]
dt
t|ℓ|+1
. (A2)
On the left-hand side, inspired by the above Shläi in-
tegral representation, we try the following ansatz:
Φℓ =
∫
C
gℓ(t) exp
[
kR
2
(
t− 1
t
)]
dt
t|ℓ|+1
. (A3)
After partially integrating the left-hand side and using
the well known reursion relation Jℓ−1(x) + Jℓ+1(x) =
2ℓ
x Jℓ(x) for the Bessel funtions on the right-hand side,
we nd that the funtion gℓ(t) is determined by
dgℓ
dt =
t−1. If we hoose the integration onstant suh that
gℓ(t) = ln t+ i
π
2
, (A4)
then the Φℓ orrespond to ausal solutions of (A1). This
may easily be veried by applying the method of steepest
desent, yielding the following asymptotis:
Φℓ → −2π
√
π
2kR
exp
[
i
(
kR− |ℓ|π
2
− π
4
)]
(A5)
for R → ∞. Notie that Ψ (2)p is regular at the origin,
Ψ
(2)
p → 0 as R → 0, as an easily be onrmed by ex-
panding the integrand for small R and integrating.
Re [t]
Im [t]
C
FIG. 1: Shläi ontour of integration
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